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STANDARD INTEGRALS
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Question 1

2

dx.

a) Find jg ; id
X

b) Use integration by parts to evaluate Le x’ log, xdx.

©) Find [——dx.

3

(1-x7)?
d) By completing the square on the denominator, or otherwise, find J

e) Use the substitution ¢ = z‘ani, to find J & .
2 4—5sinx

Question 2 on next page

Page 3

dx

J8x—-7—x?

W



Penrith High School Mathematics Extension 2 Trial HSC Examination 2010

Question 2
a) Evaluatei”. 1
b)
i,  Write down the expansion of (ai+2)’. 2
ii.  Hence find the values of a so that (ai+2)’ is real. 2
c)
i.  Write 24/3 +2iin modulus-argument form. 2
ii.  Hence solve the equationz” = 23 +2i, giving answers in modulus-argument
form. 2
iii.  Sketch the four solutions on an Argand diagram and find the area of the square
formed by the four points. 2
d)
i.  Onan Argand diagram shade the region where both |z — 2| <1 and
Re(z) S% hold. 2
ii.  Find the maximum possible value for arg z for points in this region. 2

Question 3 on next page
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Question 3

a) The graph of y = f(x) is shown below. The graph has two asymptotes: y =0 andy =4.
It has turning points at (-1, — 3 )and (1, 7) as shown. The point (0, 2) is a point of
inflection and the 1ntersect10n point w1th the x-axis 1s( -0. 2 0).

!
i
{

e L
1]

An extra page with copies of this graph has been provided. Answer the following questions on
the page provided and attach it to your solutions.

i y=|f(x) 2
i y=£(x) 2
i, y’=f(x) 2
iv. y=f'(x) 3

by I, = ]J;(]—x)"dx.

i.  Verify that(J—x)""'—(1-x)"=x(1-x)"". 1
ii.  Hence, by using integration by parts, show that /, = 22—;131,,_ - 3
n+
’ !
iii. Hence evaluate Jx/; (1-x)dx. 2
0

Question 4 on next page
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Question 4

a) Find the real factors of P(x)=4x’ —5x? + 14x+15 given that one of its roots is ] — 2i .
3

b) The cubic equation4x’ — 20x° +17x— p =0 has p as a real number. The equation has three
positive real roots, two of which are equal. Find the value p and the roots. 3

cot’ @~ 3cot
3cot’ -1
ii.  Hence solve the equationx® —3x*> =3x+1=0. 3

iii.  Hence find the exact values of cot-]% and cot5—7z 3

12

i.  Use the expansion of (cos@ +isin8)* to show thatcot 39 =

Question 5 on next page
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Question 5

2 2
a) The line y = mx cuts a directrix of the hyperbola xj - ;)—- =] at the point 4 in the first

quadrant. Tangents are drawn from A to the hyperbola, touching it at points P(x,,,)
and 0(x,,¥,) .

directrix

X¥/4-y2112=1 !

i.  Calculate the eccentricity of the hyperbola.

2

ii.  Find the co-ordinates of the foci, the equations of the directrices and the
equations of the asymptotes of the hyperbola. 3
iii.  Find the co-ordinates of point 4. 1

iv.  Use the formula% — JZV—Z" =] to find the equation of the chord of contact PQ.

a
1
v.  Show that the chord of contact PQ passes through a focus. 1
vi.  Find the midpoint M of points P and Q and show that point A lies on the
line y = mx. 4

b) The earth moves around the sun in an elliptical orbit.

N
/ N
7 \
! s \
I \
E“ ® E2
Earth at aphelion Sun Earth at perihelion
\\ //
\\ v
~ - 4
TN~ . -7 Not to scale.

The sun lies at one of the foci of the ellipse. When the earth is furthest from the sun (called the
aphelion) it is 1.521x 10° kilometres from the sun. When the earth is closest to the sun (called

the perihelion) it is 7.471x 10° kilometres from the sun. Work out the eccentricity of the
Earth’s elliptical orbit to 3 significant figures. 3

Question 6 on next page
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Question 6
a) ABCD is a cyclic quadrilateral. The opposite sides 4B and DC are produced to meet at P, and
the sides CB and DA are produced to meet at 0. The two circles through the vertices of the
triangles PBC and QAB intersect at R.

Q

Prove that the points P, R and Q are collinear. 3

b) The diagram below shows the area bounded by the curve y = x* + 1, the x —axis and the

line x = /. This area is rotated through one revolution about the linex = 1.

y
y=x+1

i

i.  Find the volume of the generated solid using the “slice method”. 5
ii.  Find the volume of the generated solid using cylindrical shells method. 5

¢) The equationx’ — 2x+6 =0 hasrootsar, § andy.
Find a cubic equation with rootsSa, 54 and 5y . 2

Question 7 on next page

Page 8



Penrith High School Mathematics Extension 2 Trial HSC Examination 2010

Question 7
a) The ellipse 2x? + 2xy + y? — 2x =7 has a maximum point at 4 and a minimum point at B as

shown in the diagram below.
y

2+ 2xy+yY-2¢=7

Find the coordinates of points 4 and B. 5

b) The rectangle ADEF has dimensions / x 8. It is divided into 8 smaller /x I squares as shown

below.
A B \ C D
z | | B = —
. . , - : . : : =
ZABF =a, LACF = and ZADF =y .
Show that a + 8+ y = Z radians. 4

Question 7 continued next page
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Question 7 continued
c) A ball of mass m is dropped in a fluid where the resistive frictional force is proportional to the
square of the velocity of the ball. Gravity is providing downward acceleration and the resistive
frictional force is effectively providing upward force, since friction opposes the direction of
motion.

L

So the forces on the object can be expressed as ma = mg — av’, where a is the acceleration of the ball,
v is the velocity of the ball, g is the acceleration due to gravity and & is a constant.

i.  Provethaty = %( 1—e7?% ) . where v is the velocity of the ball and g =2 4
\) m

ii. Ifg=98ms”andfB=0.2m™" find how far the ball will fall before it obtains a

velocity of 6 ms™ ? Give your answer to the nearest centimetre. 2

Question 8 on next page
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Question 8

2 2 2 2

a) The ellipse % + y7 =/ and the hyperbolaj—(s - y7 =1, (k> 0) share the same directrices.
Find the value of £. 4

b) Prove the following for all real numbers x # 0.

2

L. x4+ ——é—- > 2. 1
x
i x?+ i} S 3
x x
¢) Thesequence 7, Ty, Typeeveeveneencnane. Jds defined sothat 7, =47, , -7 _, forn>3.ltisalso

giventhat 7, =2 and7, =4 .

i. By direct calculation find the next 3 terms of the sequence and show that 75 =794 .

1
ii. Prove by induction that 7, = (2 + \/E)”” +(2- «/_37)"'1 forn>1. 4
iii.  Explain why, when (2 ++/3 )zoo is calculated as a decimal number, it starts with
more than fifty 9s in a row after the decimal point. 2
End of test

Page 11






Penrith High School
Extension Two Mathematics 2010
Solutions

q‘wes’f?of\f -

O J”“” fm )
ﬁf@_ 77")0(%:*%‘%'"7%"'(:

CI
Pﬁ%xj j?" (s

rﬂ—L b)) 5““‘1”‘"
3 ¢
;_’IF—Z— o2 — Q’X j
@_e, pe)-Co-Y)
?
gﬁ(}c, C@JG‘—(LQ
COSQ—L{EZ)
-J @a&»‘)ﬂ
5f sect g AE
= Z».VL—LC »"ITZ"

- fm

= +C
e

S/i"




=
3770(\( 2

tr
CE)(/L(?”Z C=(X
45(){—3@)[)"‘)7/41)}2;’)
+{

(’/
é
a4 [2ac +&




Question 3() e

Y ‘ .

QuesSTian, 5

B S 19" i (-
"/"@"Z/)H(I'F/T—C)
= X ({~x)”—'

Question 3 @) 5 e

Vi VR
V= ’3%‘1 LQ__ ]

T =i-x) "

= (1797
T, - fr(n )LMX o

[3 & (1% + 3 f 2B (1%) o
=04 ’3“71 ,C "GC[(I "X) — (l’ljﬂ&{?‘

()

............................

.,w(f@ >

3-J—h = Zn Ind "_ Z)’L—l—n

Cg +‘2—V9 J:/'L = Zn :Er\ -/
2 T
- Iy\’;‘ 2_‘”{4’3 — -

(
(M) I,= Jj&dm [%xﬁ.j@:}%
T -

Quaestion 3 (a) iv e

cedie s cemme e




RVEST7enN L7L

S

@ o= 428 78 also

A et gumee Tl e
s SR

) . “,L/
Cum | gq (204X = 1A

24K =,
Ot poot, K= 3y

.. Facdes o

B3 ot (1)

Reod Q%’:f‘/'/v"’f oK

2 -
(9 Cise) = &8 22
x’ff;f{;;,»’ , ,
@5 6}7‘%‘5%&9: @5‘ 59 5
+3 C@lél (& St @) + 3Co e-(cw&)#@ St (8 j
= LC(:P@’ sty m"yﬁ? (g@s‘le—fm(‘}" S )
= 7,#@ e A Al B f@fe}
fos 30 Ces 20300 SAE =5 ®
Singe = 3 son’e
AP

4’9(}55 22‘2-5//\@ ~Sin

tse= I - |

C{—)q—_;)@?(,‘;# 2245 )

b

0’2% (hg" 2o 4T )="0 Aor

Bot davble rest ol

(20— Forn A+ =2

Som of rests {.Jr«g,,,c,g,__%
L= 4
: 7 (7 . Ze
o -—6——.,{~ /6“"/”‘5(7 o
= —

gu"f— rests ce (_A_,!, F:‘:?S?#ZVQ‘

_‘,};:__—/71_

Rrscloct of restz: %xf{m;g

e S e

e

) ,TE: ;,—qil - 3 .
e et Ept T

@il) Since A=-1 8A S“eff:ﬁ;n/
Gt oA WANES OV
L 3 Bl = @4'9 (X)f/-lﬁ)‘w‘ ),

bj [oi\? AfvFstey.
T et TR A€ ool
A TR
of U A (=0
(-2 =3

Wete  cot > Cot TE

"’C‘Jf%‘%—_: 2—‘1’—‘-’/3\

-~ 3 ‘7'___\)/‘?



RUEST 2o/ S

—_— ,
. L yvalwe of

@(i) b= a” étf{) a=2 : "
| - _ At — 12 _ |2
2=4(e=) b= 2 Tm=z2 Zm*
e =2

(1) Feci-(Fae, o) = (+i0)

D/racq%”cefl‘ A = + 4

Suja w’b‘(?ﬂ ‘

Ze— 4+ -, ——H‘)
/4?]’7’4@*@ \7’—’:»1%1:_-‘—‘:[“1 j 2 - 71‘”’”2' 2
= 2 —"
(i) A1 m) ’ 7 P o
=) m) T Fmm 2 3t
"/ 4~ - e whieh cotoshes y=mx
R | 1o 1t bt i
CO (/\/AIZ'»\ =Y

'\7 — TfT«(“" - "f{)::'{}
— pa po-soes ’ijl\ (74@_\
)
. x* 2
(9-5:4@) e F=E-)
_ (& (x D"

= =

L_(_
&
¢

ML — 3(oc—u) = lm*
M= 30 2 — 4 &= lgm"
(M*23) 0 242’ (ubrimi)e
TR s _Qiuc._fchA /m;? ~7

b))
/CC‘ ae N
/ a——aﬁ:/.zmxmg@
a+ae = 1521 x16% @

D@ 202972 X1
J. 496 X 18

A=
P @

/521 KIo*

I+ €= o

J+e= |- OIET1123

0= 0-0/67



AUESTIon &

[QRe =] bAs (ext/ of i (”)4 | 5

sk JR i
poso=joc’ ¢ 7o | L
But Joag+/BeD = (50 K i %ji

(o L5 o4 25yl 7924 0y
L@@g’,{_ﬁ(\ _ /S/d V= fZ.u %)
“ADA"f*LgC) &0~ Ve 2/] Gx)@, H) ax
_ it
e ZGR@ 7 s Sf%rzm{/ f C”)C+l"{y)&)(
R, I V- 2m /
e &, P are Collircar. [ .i—‘+9ﬁ'j»if]
ol =/




Quesnant ]

C)D&%&ﬂ%mmﬂgm,|'c

41’,-]-—2)%? +2j 4"2]] _2=0

At AB 4 =2

4x +O 4—zj+o»z <
/=2

Sub 1 ~to .Q/((t)?%

—67 667*7[163—7-&
D 2(02) +(r2s) 220
2o YA o+

Zx"/—épx A ,'—O

(x 4—0(1/—’3)
x =1 =7
foyelns Y=3 Y=
|2 A(.A)g) /“(3 :>/’

@ "lL”"Y\:)(._ L—)W-”L-’}ﬂ”\kﬁ
A
g de T

| A (15
zAv/ shf [ 1, —{wv»o(—!—’j%% '
= )=

f/-'ia»D(q‘a—ﬁ

2 7

i "‘9,7( ?
%+ %

1
— G ¥E

2
%

G:; %64?@4‘3/) ;i

At ) =

A DY = “L%
f

UYL= |

| /Jﬁ;\[(g, 332 (.c’/;rGL/r

¢ A = s
g e (255
—22x f__ 2
6 Zlg ~]—3 Vv
2%
Loy, 1—¢€
50 .i(;/[z"ﬁ)
V- 7
V= %—(’»—Qﬁzﬁx)
Snce. V2 ©
(D z-7 /«?52,(1' - £v)
O 7—(6237

Y = 3.32 ﬁn,C?l'*eS

g



QUES TN 5

A"é’m (l/—g)
4 7(»&)

S
_EA

P
. ., A= =
P/[‘éé’f?’g@; L e~ U

ypeckole 8= p(E=1)
K= 36(5,-;)

@ E”r‘ege

- .

E®vaTifY X=)

(‘1?, T= T, =Tz yxe2= 14
£ ,M— z,L;«/«fr-ﬂ >
é@fr =y 752 - 4= (T4

(1 M (B orf3 o 42
,0’77‘%4:_ of =), Z
/4““»0{"}\%&—3@/»’\ k-2 s{ Kk~

o T = (2403 " (.9_»»/3/
i Tk_ { = é*“lj)kf+c \'/?)
Now Tk = 4Ty — Tem _
.*4_1@(9‘ ?@4}) 1/,_ [GreyPew j
L«- D47 /') (4—(2+\f -1
@ A 0)-)
= 63 )7, W) G yp)
’QH') <Z+u’5’)+ @-{)’432%}
~C+0)K' (2~ )KI

@ ll_ { | _L‘S—r}y\/.q\ n=k=2 g n= ]‘“? i'j'.\’
+ L — X — —
h gS ’h""”—’f‘a« A = K&
1'-“{?%7C3n——3¢—i—] SiacCe Arn ffiw)'\,[,qq oAy e ’A"’l*
= x* Si~er P ﬁ»f V\’l//l/g LB "ﬁ«ou/wr\/#
. , Gl Sz o for ol N> |
2 (k1) —1(x) . fs
P [((q)faaa7~2 =i HT‘,\ &T

—

3
o= Y X—1D o .
( )3{9. = 2O

Sixce 2°20 Aol

l—:‘:);}f -Zg-,‘-“*i:)c)‘.ﬂ—-‘l;>a
+f 1< | {3*!<0/ 2< o
TFr=t  2hize’ xei=o

N ﬂ

w& T et |ty

A—r— ) . - 8 {

o= B1B)"% (2-(3)
fr\cf—é.@-

s G
AR .
Q- ‘“"f.' .4 XIo 2 by ¢ ol ev fedds

?
Q’hﬂ) ~ on L kgRes — fpxita”
LI sterb woth 57 aaes]

(¢o

ey ——

b >



